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i 1 Abstract 

+f This article gives a study of the higher-dimensional Penrose transform between 

Qh conformally invariant massless fields on space-time and cohomology classes on twistor 

space, where twistor space is defined to be the space of projective pure spinors of the 
conformal group. We focus on the 6-dimensional case in which twistor space is the 
six-quadric Q in CP 7 with a view to applications to the self-dual (0, 2)-theory. We 
show how spinor-helicity momentum eigenstates have canonically defined distribu- 
tional representatives on twistor space (a story that we extend to arbitrary diluen- 
ts sion). These give an elementary proof of the surjectivity of the Penrose transform. 

We give a direct construction of the twistor transform between the two different 
y—i representations of massless fields on twistor space (H 2 and H 3 ) in which the H 3 s 

arise as obstructions to extending the H 2 s off Q into CP 7 . 

We also develop the theory of Sparling's 'H-transform', the analogous totally 
real split signature story based now on real integral geometry where cohomology no 
longer plays a role. We extend Sparling's H-transform to all helicities and homo- 
geneities on twistor space and show that it maps kernels and cokernels of conformally 
invariant powers of the ultrahyperbolic wave operator on twistor space to confor- 
mally invariant massless fields on space-time. This is proved by developing the 
6-dimensional analogue of the half- Fourier transform between functions on twistor 
space and momentum space. We give a treatment of the elementary conformally 
invariant <E> 3 amplitude on twistor space and finish with a discussion of conformal 
field theories in twistor space. 
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1 Introduction 

Twistor methods have become a powerful tool in the study of four-dimensional gauge the- 
ories [U EJ [3] H] and the question arises as to how it might interact with other important 
techniques such as AdS/CFT and reductions of (2, 0) self-dual gerbe theory in six dimen- 
sions. This article is a study of the appropriate higher-dimensional twistor theory that 
applies to such higher dimensional theories with a focus on six dimensions. Ultimately 
we would like to encode interacting field theories on twistor space in higher dimensions, 
but this paper will focus mostly on the twistor correspondence for linear fields (with the 
exception of a discussion of the 3 vertex for scalar fields). 

The Penrose transform in higher dimensions and indeed for general classes of homo- 
geneous spaces was developed in the 1980s with the general framework summarized in 
[3]. In higher even dimension 2m, twistor space can be taken to be the space of totally 
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null self-dual m-planes so that twistor space is the projective self-dual chiral pure spinor 
space of the conformal group [6] . There is a Penrose transform from conformally invariant 
massless fields on space-time to cohomology classes on regions in twistor space. In six 
dimensions the conformal group is a real form of SO (8, C) and we have a version of triality 
so that the chiral spinor representations for the conformal group are eight-dimensional 
and are endowed with a quadratic form like the fundamental one. This is the first dimen- 
sion in which the purity condition is nontrivial being the condition that the chiral spinors 
should be null with respect to the quadratic form. Thus, twistor space turns out to be 
the six- dimensional complex quadric Q in CP 7 . As a manifold it is the same as complex- 
ified space-time, but the representation of the conformal group and its correspondence 
with space-time is quite different. Conformally invariant massless fields on space-time 
are represented on Q both as H 2 and as H 3 cohomology classes (i.e., closed Dolbeault 
(0, 2) or (0, 3)-forms modulo exact ones). As far as massless fields are concerned, Maxwell 
and linearized gravity are no longer conformally invariant, but the wave equation and 
symmetric spinor fields satisfying higher spin versions of the massless Dirac equation are, 
and it is these fields of a fixed chirality that are most straightforwardly represented on 
twistor space. The abelian version of the (2, 0) self-dual gerbe theory can be built from 
such ingredients and we focus on these fields in this paper. The Penrose transform for 
H 3 s, which we will describe as the direct transform, is most straightforward being easily 
obtained by an integral formula ^ and was the first to be studied in [7J [8j [9j [10] . The 
Penrose transform for H 2 s is not direct, although we give an integral formula in ( J24~| ). 
This is the case that naturally gives rise to a holomorphic gerbe on twistor space [UJ and 
so may well be the most geometrically natural for making contact with the (0, 2) gerbe 
theory^] In [12] a super-twistor space was introduced and some speculations were made 
concerning the Penrose transform of the (0, 2)-theory (in H 3 form). 

Much recent progress in the study of scattering amplitudes in four dimensions has 
exploited the simplicity arising from spinor helicity methods and these have recently been 
extended to six dimensions and higher [TjTl E]. Spinor helicity is essentially a method 
for efficiently encoding the polarization information of momentum eigenstates in terms of 
spinors. It is a useful starting point for exploring the twistor space formulation of scat- 
tering amplitudes and thereby gives insight into the structure of the twistor formulation 
of the theory; it is straightforward to construct the twistor space representation of an 
amplitude given the twistor representation of momentum eigenstates and the momentum 
space amplitude in spinor helicity form. This has been instrumental in recent progress, 
both for expressing known amplitudes in twistor space and for obtaining amplitudes on 
momentum space from their counterparts in twistor space, see for example [T5l [T6| ITT] . 

In this paper we obtain distributional Dolbeault representatives on twistor space for 
such spinor-helicity representations of momentum eigenstates. We do so in a way that 
naturally extends to higher dimensions and indeed gives some explanation of the structure 
of the Penrose transform in higher dimensions; the fact that in dimension 2m, the relevant 
cohomology is obtained in if m_1 and ff m ( m - 1 )/ 2 ; anc l the fact that the helicities obtained 
of these different cohomology degrees are the same for m odd, and opposite for m even. 
In brief, the spinor-helicity data for a momentum eigenstate consists of a null momentum 
P and polarization data £ in some irreducible representation of the 'little group', i.e., 

1 We remind the reader that, loosely speaking, a gerbe is the extension of the concept of a line bundle 
with connection 1-form (or (0, l)-form deforming a 9-operator in the holomorphic case) replaced by a 
connection 2-form (or (0, 2)-form in the holomorphic case). 
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the SO (2m — 2) inside the stabilizer of P. For our massless fields, the polarization data 
will be irreducible symmetric spinor representations of this little group and these can be 
obtained both as holomorphic sections of line bundles, or dually as if( m-1 )( m ~ 2 )/ 2 s on 
the chiral projective pure spinor spaces for the little group. These can then be combined 
with distributional Dolbeault forms supported on the little group spin space inside twistor 
space to generate the spinor-helicity Dolbeault representatives. In four dimensions, with 
m — 2, the projective pure spin space for the little group is trivial (just a point) and so 
this feature does not play a role, but in six it is the Riemann sphere and so this is the 
first nontrivial case where this comes in. It is the dimension of this little group pure spin 
space that gives the difference between the cohomology degrees in the Penrose transform. 

These twistor representatives associated to spinor helicity forms of the momentum 
eigenstates are a useful tool that allow us to understand key features of the Penrose 
transform. For example, they give an elementary proof of the Penrose transform isomor- 
phism without the spectral sequences of [5] . One feature that is peculiar to six dimensions 
is that the same massless fields are represented both as H 2 s and H 3 s. We will see that 
the best way to understand the correspondence between these two representations is to 
consider the problem of extending the cohomology classes off Q into CP 7 . The H 2 s turn 
out to have a unique extension to the order given by the helicity, but any further exten- 
sion is obstructed with obstruction given by the corresponding H 3 . This understanding 
of the extrinsic behaviour of the cohomology class allows us to write an integral formula 
in this indirect case. The proof here is expedited by the spinor-helicity representatives in- 
troduced earlier. Although such features are not encountered in four-dimensional twistor 
space CP 3 , they are reminiscent of the extensions off ambitwistor space that arise in the 
description of four-dimensional physics [22} [23j EHJ EU [2U S3, EJ] although in that case 
it is if 1 s that are extended with obstructions in H 2 s as opposed to H 2 s being extended 
with obstructions in H 3 . 

Another tool that has proved important in four dimension is the half- Fourier transform 
introduced by Witten [TJ and developed and exploited in [20] ■ The Penrose transform 
is replaced here by an integral transform first studied by Sparling [36j EZj for the wave 
equation and referred to as the S-transform. In four dimensions this is known as the X-ray 
transform and takes functions on real twistor space, MP 3 to functions on split signature 
space-time by integrating over lines. This can then be concatenated with the Fourier 
transform which then gives functions on the momentum light-cone. This is the half- 
Fourier transforms which involves Fourier transforming in two of the four non-pro jective 
variables. In six dimensions twistor space is now six-dimensional whereas the momentum 
light-cone is only five-dimensional and so there must be some loss of information. The 
spinor helicity momentum eigenstates have a natural representation in this split signature 
also, and lead to a natural generalization of the half-Fourier transform from functions 
on twistor space to the momentum light-cone augmented by the pure spinor space for 
the little group at each point. This is also a six-manifold and hence can be, and is an 
isomorphism. 

We make a preliminary investigation of amplitudes. However, for the self-dual gerbe 
theory, Huang and Lipstein JTSJ HH] have observed, using the spinor-helicity formalism, 
that there are no good candidates for amplitudes that are local in space-time. This is in 
keeping with the idea that the self-dual gerbe theory only exists as a strongly coupled 
theory in six dimensions with no parameters that can be taken as a coupling constant to 
expand in to obtain perturbative amplitudes. Because we have restricted our attention to 
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conformally invariant chiral fields in this paper, the only nontrivial interaction we are able 
to consider is the basic conformally invariant </> 3 vertex, but we see that it has a natural 
formulation on twistor space. 

In this article, we find new features important to higher-dimensional twistor theory 
that are absent in the four-dimensional case. This may account for some of the remarkable 
features of six-dimensional quantum theories. One of the motivations for studying higher- 
dimensional twistor space was the realisation that twistor theory is the natural framework 
to study extended supersymmetry [27J . It is tempting to suggest that a study of higher- 
dimensional supersymmetric physics from a twistorial perspective may illuminate many 
of the mysterious properties that higher- dimensional supersymmetric theories exhibit [28l 

[30J, EH E2J E31 EH ES]- We hope to return to this in a subsequent paper. 

The format of this paper is as follows. The next section gives an overview of the geom- 
etry of six-dimensional twistor space and the Penrose transforms that relate cohomology 
classes in twistor space to the solutions of zero-rest-mass field equations. Section three 
presents a higher-dimensional formalism for relating spinor-helicity methods and twistor 
theory that generalises the four-dimensional approach outlined in [TS] to six dimensions. 
Although the focus is on the six-dimensional case, in section four we show how our formal- 
ism works in arbitrary dimension. Section five considers two integral transforms that exist 
in split-signature. The first is a six-dimensional analogue of the half-Fourier transform 
introduced by Witten in [1] which relates objects on null momentum space to objects in 
twistor space. The second is the S-transform introduced by Sparling in [361 [37]. We find 
an analogue of the half-Fourier transform in six dimensions and extend the S-transform 
to include fields of arbitrary spin. We give a brief discussion of interacting theories in 
six-dimensions focussing on the conformal $ 3 scalar theory. We show how the three-point 
amplitude for this theory may be constructed from six-dimensional twistor space and close 
with some discussion of the formulation of conformal field theories in twistor space. In 
an appendix, we give the indirect Penrose tranform for a gerbe. 

Whilst this preparing this manuscript we learnt of work |3H| which overlaps with some 
sections of this article. 

2 The Six- Dimensional Twistor Correspondence 

In this section we review the structure of six-dimensional twistor space and the Penrose 
transform. For reviews of the four- dimensional case see jlOl EJ H]- In order to deal 
with a variety of different signatures, we will start by working on complexified Minkowski 
space, Wl 1 = C 6 . We can extend Wl 1 to the compactified, complexified Minkowski space 
M by adding a lightcone at infinity to give a six-quadric M in CP . For the most part, 
we shall be working some region in M or one of its real slices and its associated twistor 
space. Introducing spinor indices from the start, we can coordinatize M 7 with coordinates 
x AB = x^ AB \ A, B — 1, . . . , 4 equipped with metric 

ds 2 = -Eabcd dx AB dx CD , £abcd = £[abcd] , ^0123 = 1 • 

The two four- dimensional chiral spinor representations, dual to one another, are denoted 
S A and Sa with the given index structure and have structure group SL(4, C) in the com- 
plex. 
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The real slice of M / are those M 6 C C 6 on which the metric has signature (p, q). 
On Euclidean, Lorentzian or split signature real slices, the spin group reduces to the real 
subgroups SU(4), SL(2, H) or SL(4, R) respectively. These can be characterized as follows 

• G°, l) — (6, 0) ~> SU(4), the subgroup of SL(4, C) that commutes with the conjuga- 
tion 7r a — > tt A with ixat {A positive definite. 

• (P) l) — (5, 1) ^ SL(2, H) is the subgroup commuting with a quaternionic conjuga- 
tion": it a !->■ 7Ta =: ka on S A (and on *§>a) where 

VTA = (— 7Tl, TTO, ~ 7T3, ^2) • 

We have 7r^ = —71"^ so there are no real spinors. 

• iPi q) — (4,2) ~> SU(2,2), the subgroup of SL(4, C) that commutes with the con- 
jugation txa — > tt a , but this time, E> A divides into three parts according to the 
defmiteness of ttatt a - 

• iPi o) — (3,3) ~> SL(4, R), the group commuting with a conjugation tta —> t^a and 
we can take spinors to be real tta = t^a- 

There is no natural way to raise or lower individual spin indices; however, skew- 
symmetric pairs of indices can be raised and lowered by means of \eabcd-, i-e. vab = 
\zabcdv cd ■ We have the useful identities vacv bc = |(5fw 2 for any vector v AB . 

A null vector v AB satisfies v yAB v GD ^ = 0, and so has vanishing determinant as a 4 x 4 
matrix. Since skew matrices have even rank, if it is to be non-trivial, this rank must be 
two so it can be decomposed as vab = ^\a^b] f° r some spinors \ a A = (X A ,X A ). This 
decomposition is not unique, but is subject to the SL(2, C) freedom A a bX b A for some 

A a b G SL(2,C). For a real null vector in Lorentz signature we can take = A^ and in 
split signature the A^ can be taken to be real. 



2.1 Twistor space 

Twistor space Q is the six- dimensional projective quadric in CP 7 [6]. We introduce the 
homogeneous coordinates Z a = (tu A , tta) G S a © on CP 7 , and define the quadric as 

Q ■= {[Z a ] G CF 7 \Z 2 = 0} where Z 2 = 2lu\ a . (1) 

The relationship with space-time M 7 follows from the incidence relations 

oo A = x AB n B , (2) 

where we assume ttb 7^ for now. Since x AB is skew- symmetric, we must have the 
condition ui a tta = 0, i.e., the quadric condition Z 2 = 0. Holding x AB fixed in equation ^ 
and varying [co A , tta], this defines a three-dimensional linear subspace CP 3 C Q, which we 
shall denote S x . The converse statement, what a point in twistor space corresponds to in 
space-time, is found by holding [u A , tia] fixed and allowing x AB to vary. This determines 
a totally null self-dual three-plane x AB = x AB + s ABCD 7Taocb for some a B defined modulo 
ttb- This is an a-plane. 

We have so far ignored the case when tta = 0, but we can easily extend the geometric 
interpretation of twistor space to compact complex spacetime M by simply identifying 
[ui A , 0] as the CP 3 corresponding to the point added to M 1 at infinity. Notationally, Q 
and Q 1 will refer to the twistor spaces of M and Wl 1 respectively. 
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Figure 1: Self-dual null planes are represented by points in twistor space. 

In contrast to the four- dimensional case where a null line in space-time is a point 
in twistor space, null lines in six-dimensional space-time correspond to null lines in six- 
dimensional twistor space. Generically two a-planes, ot\ and do not intersect. How- 
ever, if Zi ■ Z 2 = 0, then they do and indeed they must do in a null line £ = a\ fl a 2 
[35] . In twistor space, this configuration is given by the line joining the two twistors, Z\ 
and Z2, connected by the null line CJ corresponding to the null line C in space-time (if 
Z\ ■ Z 2 7^ 0, then the line joining Z\ to Z 2 in CP 7 will not lie in Q). 




Figure 2: Two a-planes always intersect in a null line in M. 

Twistor space is a quadric in the projectivation of the positive chiral spinor repre- 
sentation S a of SO(8,C). Primed twistor space Q' is the quadric in the projectivation 
of the negative chiral spinor representation S a of SO (8, C) which we can coordinatize as 
W a = (/i^, A A ) with inner product W-W — 1\ a \ia- Primed twistor space Q' is the space 
of all anti-self-dual null planes, (3-planes, in M given by ha = xab^ B ■ Analogously to Q 1 , 
the primed twistor space of will be denoted Q' 1 . 

This primed twistor space is the six-dimensional analogue of the dual twistor space 
from four dimensions. The latter is also a primed twistor space, but happens to be 
isomorphic to the dual of twistor space, a feature of dimensions mod 4. However, in 
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dimensions 2 mod 4, twistor space and primed twistor space have canonically defined 
inner products and so are dual to themselves. Thus important aspects of the Penrose 
transform are different in these cases as we shall see. 

As a final remark, we note that one of the features of six-dimensional twistor theory is 
the triality between the three six-dimensional complex quadrics M, Q and Q'. This can 
be described by means of the generators of the Clifford algebra for SO (8, C), but here, it 
suffices to say that the geometric correspondences between M and Q, and M and Q' are 
also mirrored by one between Q and Q', e.g. an a-plane in Q' corresponds to a point in 
Q, and so on. Triality holds in split signature, but is broken by other choices of signature 
(it holds also for SO(8,R) but then the real quadrics are empty). 

2.2 Massless fields 

Our main interest in this article will be conformally invariant chiral theories. Unlike 
in four dimensions, Yang-Mills theories cannot be chiral in six dimensions nor are they 
conformally invariant. We will instead focus on symmetric spinor fields 4>A 1 ...A k — 4>(Ai...A k ) 
and ip Al - A *> = ip( A i- A k) describing chiral fields of helicity | and — | respectively. In 
linearised, or non-interacting theories, such fields with k > satisfy the zero-rest-mass 
equations of motion 

V BA ^ Al A 2 ...A k =0, V BAl ^ MM - Ak =0, where V ab = ^ ■ 

For scalar fields (k = 0) we have 

□0 = 0, 

For any k e Z, the space of massless fields of helicity k/2 on a region U in space-time will 
be denoted T k (U) although we will often drop the dependence on U. 

2.3 The Penrose transform 

In six dimensions, the Penrose transform (46J [5] relates the space of massless fields of 
non-negative helicity on a region U C M to the cohomology classes with values in certain 
holomorphic line bundles 0(m) over the corresponding region Q u swept out by the S x 
with x £ U in twistor space. For most of the paper, we shall in fact take U to be 
Wl 1 , complexified space-time, so that the corresponding twistor space Q u will simply be 
Q 1 , the six-dimensional quadric with a CP 3 removed. The line bundles 0(m) are the 
restriction of the corresponding line bundles from CP 7 whose sections can be identified 
with holomorphic functions on the nonprojective space C 8 that are homogeneous of degree 
m. We denote these cohomology classes by H'(Q U ; 0{m)). 

We note that one can obtain massless fields of negative helicity from cohomology of 
holomorphic line bundles over some subset of primed twistor space. This is in contradis- 
tinction to four- dimensional twistor theory, where fields of any integral helicity can be 
obtained from twistor space. This dichotomy corresponds to that of whether twistor 
space is canonically isomorphic to itself or to its primed counterpart. 

There are two ways one can obtain T k for k > from cohomology classes in Q. The 
first, the direct Penrose transform is 

V : H\Q U ,0(-k - A)) ^T k (U) . 
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This is direct in the sense that it follows explicitly by means of an integral formula: 

F Al ...A k (x) = / Tr Al ...7i Ak f(x-n,n)D 3 7i, (3) 
J s x 

where / = f(u, it) is a (0, 3)-form homogeneous of degree —k — 4 representing the coho- 
mology clas^Jon twistor space, and D 3 7r = e ABCD n A dir B dir c dn D is the projective volume 
form on S x = CP 3 . 

The second transform will be referred to as the indirect Penrose transform 

V:H 2 (Q u ,0(k-2))^T k (U). 

In this case, the cohomology classes in H 2 (Q U , 0(k — 2)) have trivial restriction on CP3 
embedded in Q u . For this reason, one cannot obtain the value of a massless field directly. 
The transform most naturally yields a potential modulo-gauge description)^] of the field, 
but this is nevertheless equivalent locally to the given field. 

3 Spinor-helicity representatives 

In this section we turn to the problem of how to relate the six-dimensional spinor helicity 
methods proposed in [13] to the six-dimensional twistor theory discussed in the preceding 
section. We first review the spinor-helicity formalism. 

3.1 The spinor-helicity formalism 

For the fields T k , a momentum eigenstate is a field & Al ... Ak = ® Al ...A k elPx with & Al ... Ak 
constant. The massless field equation then implies that P BAl &° Ai A = 0. We can solve 
these algebraic equations as follows. Firstly, if P AB were invertible then <& A A would 
have to vanish. Thus its rank must be less than four for a nontrivial solution. However, 
a skew matrix necessarily has even rank so that if P is to be nonzero, it must have rank 
two. This certainly implies P 2 = and furthermore means that we can write 

PAB = £ab^ A ^B j a,b = 0,1, 

for some A^. We refer to a, b as 'little group' indices. The little group is SU(2) x SU(2), 
the maximally compact part of the stabilizer of P in Spin(l,5). The representations of 
this maximal compact sub-group constitute the possible polarization data for massless 
fields. The a, b are indices for the first of these SU(2) factors and we will introduce a', b' 
indices below for the second. Little group indices will be raised and lowered by means of 
the invariant skew forms e ab and e a b respectively, satisfying e ac e bc = 8 a . The reduction 
from SL(2,C) to SU(2) is effected by choosing = A^. 

2 We focus on Dolbeault cohomology here but it is sometimes more elegant to express the cohomology 
class in terms Cech cohomology, by use of the Cech-Dolbeault isomorphism 

H-(Q-0(m)) = Hl(Q;0(m)) 

so that massless space-time fields can be described by holomorphic functions on regions in twistor space. 
In this case ^ is interpreted as a contour integral surrounding poles of /. 
3 We elaborate on this construction in section six. 
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It is easily seen from the definition of X a A that P \ a B = and in fact that X A , a = 0, 1 

span the kernel of P AB . Thus $ Al ...A k = ■ ■ ■ K£ k €ai...a k for some £ ai ... 0fc = £(a x ...a fe )- 
The irreducible polarization information is therefore contained in the polarization spinor 
£ai...a k which is a spin k/2 representation of the little group (which is the spin group two 
dimensions down, here a four-dimensional spin group). We therefore have the spinor- 
helicity representation of a momentum eigenstate as 

® Al ...A k (x)=\%...\XU...a k e iP - X 

with data (A^, £ 01 ... afc ). Massless fields of the opposite chirality and of mixed type can be 
treated similarl}|^] but we will not consider them here although we will return to these in 
[55] ; they require the use of cohomology with values in a vector bundle rather than a line 
bundle, and in the mixed case require also the breaking of conformal invariance 



3.2 Twistor representatives for momentum eigenstates 

We now find canonical twistor cohomology classes for such momentum eigenstates. Using 
Dolbeault cohomology, the twistor representatives will be enclosed (0, 3)-forms ^ of 
weight —k — 4 for the direct transform ^ or a (0, 2)-form ^ of homogeneity k — 2 for 
the indirect case. We first establish some machinery and notation. 

We can encode the polarization information as a cohomology class on a Riemann 
sphere CP 1 acted on by the unprimed SU(2) of the little group. We will use homogeneous 
coordinates u a , a = 0, 1, on CP 1 (hence the subscript). The polarization information can 
be expressed as a holomorphic function homogeneous of degree k on CP 1 

£(«) = U..a k u ai • • . u a * e if^CP 1 ; 0{k)) . 

Alternatively, by Serre duality, there is an E if 1 (CP 1 , 0(-2 - k)) such that 

£oi.~a fc = / u ai ■ ■ -u ak a^ A Dm, e.g. a 5 = ^ ai ...a k u ai . . . u ak Bu , 



where 



u a = - — r^—. — — ( U ° ) , and Dm = u a du a , Dm = u a du a . 
(\u \ 2 + \ Ul \ 2 ) V wi 



4 For the massless fields of the opposite chirality we introduce X Aa so that 

<f> A i~ A *(x) = A J ...x£,*£ a 'i-<e ip - x where P AB = e a , h ,\ Aa '\ Bb ' , a', 6' = 0,1. 

Linearised gravity and Maxwell theory are of mixed type. Maxwell theory is described by a photon 
with (traceless) field strength Fg satisfying V abF b = = \7 AB F^ with momentum eigenstates 

F A (x) = \ A \ b B C' b e ip -* , 

for some little-group spinor £ a b. Similarly, linearised gravity is described by a linearised Weyl tensor 
^ab symmetric in each pair, subject to V ab^lxe = = V" 45 ^^^ with momentum eigenstates 



^ B D {x)^\ A \ B \ c c \ d D C b cd e L 

Aa b . 

group indices of both types. 



for some little group spinor Q d b = Cjw) ' ■ The corresponding polarization data £° b and £" d b has little- 
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Here the u a coordinates can be also invariantly defined as u a = -^p, where u a = (— ui, u ) 
are antiholomorphic coordinates on CPi, so that it is normalised, i.e. u a u a = 1, and is 
thus homogeneous of weight —1 in u a . 

The little group spinor u defines two full spinors 

X A (u) := \ a A u a , X A (u) : = X a A u a 

and we will have that Pab = \a^b]- We will often suppress the indices and dependence 
on u just writing A and A for these quantities in what follows and make the dependence 
explicit with A • u where confusion might otherwise arise. 

The twistor representative associated to the momentum space eigenstate of null mo- 
mentum P, will turn out to be supported on the line in the 'it a spin space spanned by 
the two X a A , a = 1,2. This can be done with holomorphic delta functions on CP 3 . To 
define these, we first introduce, for z = x + iy 

S(z) = S(x)8(y) dz . 

These can be multiplied together to give delta functions on C 4 : S A (fiA) = 11^=1 ^(/^a)- 
To give a delta function on the projective space CP 3 , for two points with homogeneous 
coordinates [ia, va we define 

f ds 

Jc s 

which has weight —k — 4 in \x and km. v. 

Given spinor-helicity data (A^, £ ai ...a k ), we can now write the two formulae for the 
twistor representatives. We define the corresponding representative <fi G H 3 (Q; O(-k-A)) 
to be 

(f>(u, ?r) = e iP ' x [ a € A5jj(7r,A) ADu, (4) 
and the representative ip G H 2 (Q; Oik — 2)) to be 

ip{u, ?r) = e ip - x [ £(u) S 3 _ 2 _ k {ir, A • u) A Du . (5) 

Throughout, we take k > 0. 

In these formulae, P ■ x is not manifestly a twistor function; however, on the support 
of the delta function it is in the sense that it satisfies ir A d (P ■ x) = as P ab txb = 
0. We can make this more explicit by observing that Pab — ^[a^b] and that on the 
support of the delta- function <5 4 (s7r — A) we can take sir a = A^. Thus, using the incidence 
relations x ■ P = — sou ■ A. We therefore obtain as our definitive formulae for our twistor 
representatives of momentum eigenstates 

(f>{u, 7t)=/ e" isa ^ a c A 5 4 (s7r -X-u) A s k+3 ds A Du , (6) 

- ds 
g-Mw-A £( u ) s A (sir - X ■ u) ADtt. (7) 

xCpi s 

In both cases it is easy to check that all the weights and form degrees match appropriately. 
The enclosure on Z ■ Z = can be seen by checking enclosure of the integrands of (Pf!) and 
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(JgJ) as enclosure is preserved by integration. In the if 3 case <9-closure follows by virtue of 
its holomorphic dependence on u and being a form of maximal degree on the CP 3 x CP 1 
parametrised by (ir, u). In the H 2 case, 5t 2 _ k {ix ) A ■ u) A Du is 9-closed. Taking d of 
the exponential factor we obtain, on the support of the delta function, 

B(u -A) = w A A^<9u a = -u A X a A u a Du (8) 

where we have used the fact that Bu a = u a Du. On the support of the delta function 
u A X A u a = to ■ ir and so rt8j) vanishes on Q. 



4 Twistor spinor helicity states in higher dimensions 

The spinor helicity formalism and the corresponding twistor space representatives that we 
have presented in six dimensions have straightforward extensions to higher dimensions. 
One new issue that we meet in higher dimensions is the fact that purity conditions come 
in for spinors in dimensions greater than six and symmetric spinors are then no longer an 
irreducible representation of the Lorentz group so that further irreducibility conditions 
must be imposed. The other is that the canonical structures and identifications amongst 
spinors changes from dimension to dimension. We will work in the complex to avoid 
further changes in character between the various signatures. 

The purity condition on a spinor n A can be expressed in many ways, but the most 
convenient for our purposes will be as follows. We first establish notation. Let fi = 
1, . . . , 2m be the space-time indices, and A = 1, . . . , 2 m_1 and A' = V, . . . , 2 m ~ v be the 
primed and the unprimed spinor indices and decompose the gamma matrices into their 
chiral parts, so that 

r,. = r ° B VI , (») 



and the Clifford algebra relations become 

l{n\A>\u)A B ' = 5 A' , l^\A A 'l\u)A' B = 6 A , ( 10 ) 

where r]^ u is the metric on C 2m . The purity condition on a spinor tt a is the condition 

7T A V 7/ M, V B B = • (11) 

This guarantees that the vector fields of the form = 7%/ A vr j4 'a J 4 for arbitrary a a span 
a totally null plane which can be of dimension at most m and will, for non-zero n A , be 
m-dimensional. 



4.1 Spinor-helicity in higher dimensions 

We shall only be interested in the elementary conformally invariant symmetric spinor 
fields that we have been discussing in six dimensions; massless fields such as Maxwell 
and linearized gravity are never conformally invariant in dimensions greater than four 
with their standard second order field equations. Thus we will take our massless fields 
to be symmetric spinors (f) A i~ A k = (f)( A i- A k) and ^A 1 ...A k — , 4 , (A- s _...A k )- This choice allows 
us to deal with both cases m even and odd at once. But when m is odd, there will be 
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some redundacy in this notation since primed indices can be eliminated by means of the 
isomorphism between primed spinor space and dual spinor space. This is consistent with 
the fact that the Penrose transform, as we describe it in this paper, produces massless 
fields of both positive and negative helicities when m is even, but only massless fields of 
positive helicity when m is odd. Further distinctions between these cases will be pointed 
out in the course of this section and the next. In dimensions greater than six these spinors 
are also subject to a further irreducibility condition. This can be expressed in the form 

^~ A ' k %A> A i\> B = o , ^,.4vNV A2 = o • (12) 

The zero-rest-mass equations on such fields are then 

7 M '/V^- A * = , % A , Al V^ Al ... Ak = . (13) 

We can now obtain the spinor helicity formalism for such fields. We shall assume that 
our momentum eigenstates take the form <fi A 'i--- A 'k = e lP ' x (J) 1 "' k and ipAi...A k — e lP ' x ip Al A 

A' A' 

with 1 "' k and w Al ...A k constant, and so 

P"l,A A ^- A ' k = , P»\A A ^M...A k = • (14) 

The Clifford algebra relations imply that P^^^A' 8 is invertible unless P is null in which 
case it is standarcQthat P^J^ 3 is nilpotent with rank 2 m ~ 2 . We can, as before, introduce 
bases X A> and A^, (a = 1 . . . , 2 m ~ 2 ), respectively, of the kernel of P ■ 7 and deduce that 
we must have 

,A[...A' k _ C ai...a k \A\ \ A ' k 



J 



tai...a k \A[ \ A k „/.0 \ai \a k ,->r\ 



for some symmetric £ ai --- afc and t] ai Mk . However, we must now also implement the irre- 
ducibility conditions (12) on £ ai - a * and r) ai ...a k - To do this we note that a is a spinor index 
for the group SO (2m — 2, C), the spin group for the space-time of two dimensions lower, 
which is the semi-simple part of the stabilizer of P acting on P ± /P. The irreducibility 
conditions 

tai a 2 ...a& \A[ \AL M-J* M _ n n \«i \"2 A i u A 2 _ n f-\a\ 

S A a 1 1A a 2 2 7 M ' 1 ~ U ' J 7aia a ...a h A Al A j4a 7 MA / 7^ ~ U l ib J 



are then simply the analogues of (12) for symmetric spinors £ ai - a >= and T} ai „, ak for SO(2m — 
2,C). This is first non-trivial for dimension 2m = 10 when it is simply a trace-free 
condition on £ ai .„ ah - Here again, we remark that when m is odd, the little group spinor 
space is isomorphic to its dual, and the little group spinor indices can be raised and 
lowered. Thus, in this case, the identification of A^ with A^ is consistent with the fact 
that only massless fields of positive helicity are treated here. On the other hand, when m 



5 This follows by choosing another null vector Q with P-Q = h and observing that P-y-Q-y+Q-"f-P-y = 
1 and this algebra has a standard representation with 



where / is the identity matrix on 



^2" 
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is even, the little group spinor space and its dual are not isomorphic to one another, but 
correspond to distinct chiral spinor spaces for SO (2m — 2, C) 

Thus we are left with momentum eigenstates for solutions to (12) and (13) given by 
the formula 



<P — t, A oi 1 ---A afc e , WA 1 ...A k — r]a 1 ...a k AA 1 ■ ■ ■ A A k e 

This gives the chiral spinor-helicity description for these fields. 



k 



(17) 



4.2 Twistor representatives for spinor-helicity states 

Following the last chapter of [6], in arbitrary even dimension 2m twistor space will be 
defined to be the projective pure spinors for the the conformal group SO(2m + 2,C). 
Here we work in the complex and make no restriction on m, so that we have to work 
independently of the special structures that arise in different dimension modulo 8. The 
space of projective positive pure spinors for SO (2m, C) will be denoted PPS> m - The space 
PP§ m has dimension m(m — l)/2 and can be represented as the space of a-planes, the 
homogeneous space SO(2m) /U(m) or the complex subvariety of the (2 m_1 — l)-dimensional 
projective spin space PS m cut out by the purity conditions 



—A'B' A u B 



irivA' Tb> =0. (|llj) 

This condition guarantees that = ^ ai A tc a ' cxa is a null vector for any choice of a a 
and, with the purity condition, this will be maximal so that tt a will determine a totally 
null self-dual m-plane through the origin. We take PT := PP§ m+1 as our definition 
of (projective) twistor space, the space of such totally null self-dual m-planes but not 
necessarily through the origin in C 2m . For example, in dimension six (m = 3) the twistor 
space is PT = Q = PPS4, the space of projective pure spinors in eight dimensions. These 
null self-dual planes, often called a-planes in this context, can be represented by the 
incidence relation 

u A = x» %A A n A ' , (18) 
as is familiar in dimension four and as was seen for dimension six in ^ where primed 



indices are eliminated in favour of the unprimed ones. However, we note that (18) will be 
inconsistent unless (u A , tc a ) is a pure SO(2m + 2) spinor. 

If we now wish to proceed analogously to our development of the six-dimensional 
theory presented in previous sections, we must describe the physical degrees of freedom in 
terms of cohomology representatives on spaces of projective pure spinors, i.e. on twistor 
spaces. Let PP§ m _i be the (m — l)(m — 2) /2- dimensional space of projective pure spinors 
for SO(2m — 2, C). We will take u a to be homogeneous coordinates on the projective spin 
space PS m _i = CP 2 "" - 1 and impose the purity conditions 



u 



« A ai A a 2 lnA\ 1 A' 2 ~ U ' 



It is a standard consequence of Bott-Borel-Weyl theory [5] that the representations defined 



by ( 16 ) can be represented by 



at G F top (PPS m _i, 0(4 - 2m - k)) and 77(11) G ^(PPS^, 0(k)) (19) 
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respectively, where top= (m — l)(m — 2)/2 is the dimension of PPS m _i; these are related 
by Serre duality as the canonical bundle on PPS> m _i is (9(4 — 2m) (see [5]). The second 
of these is simply given by rj(u) = r) ai ... ak u ai . . .u ak whereas the first will not in general 
have a canonical representative, and we will denote such a representative simply by 
satisfying 



^ aia2 - afc = / u ai u a2 ...u ak a^Du 

</PPS m _i 



where Dm is the projective holomorphic volume form of weight 2m — 4 on PPS m _i. When 
m is odd, one has £ai...a h — Vai...a k since the little group spinor space is isomorphic to 
its dual, and we thus have two ways of representing the polarisation spinor of a given 
massless field of positive helicity. 

We must also introduce the projective holomorphic volume form D7r of weight 2m — 2 
on PP§ m and the weighted delta function <5(vr,p) G Vt^ vlk ^ R {2 - 2m - k) on PPS m . 
The former exists simply via the identification of the canonical bundle of PPS m as the 
restriction of 0(2 — 2m) as follows from the Bott Borel Weil theory as described in [S] 
(explicit formulae in terms of the ambient projective coordinates in P§ m are obtained in 
[TO]). The delta function is defined tautologically by 

/(*) = / f(p)8(*,p)Dp (20) 

where / a function on PPS m of weight k, Dp is the canonical holomorphic volume form 
of weight 2m — 2 and 5(tt,p) has appropriate weights in each of its arguments for the 
formula to make sense, i.e., of weight k in 7r and weight 2 — 2m — k in p. 



We can now define the twistor representatives for the spinor-helicity states (17) as 

0(w,7r) = / e iP x ac£ A 8(7r, A • u) Du 



V>(w,tt) = J e rj(u) 8(tt, X-u)Du (21) 

and it can be seen that these are respectively <9-closed (0, |m(m — l))-forms of weight 
2 — 2m — k and (0, m — l)-forms of weight k — 2. This follows from the weights k of f](u), 
4 — 2m — k of a>£ and 2m — 4 of the canonical holomorphic volume form Dm on PPS m _i. 
It can be checked that e lP ' x is indeed a function on twistor space when restricted to the 
support of the delta function as before as it will be annihilated by ^ ^ A , d ^ on the 
support of the delta function. 



5 Formal neighbourhoods and the twistor transform 

In four dimensions a field of a given helicity is represented by the i/ 1 (PT / ; 0{m)) co- 
homology classes on twistor space and the if 1 (PT* / ; 0{m — 4)) classes on dual twistor 
space. The direct map between these two representations is known as the twistor trans- 
form. In six dimensions, the situation is rather different as the fields of positive helicity 
k/2 correspond to classes on the same twistor space either as an H 2 of homogeneity k — 2 
or an H 3 of homogeneity —k — 4. There is no description of such fields simply in terms 
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of homogenous functions on dual twistor space. We will identify the direct map between 
these representatives, the twistor transform, T, on twistor space in this section via an 
obstruction to the problem of extending the H 2 s off the quadric Q C CP 7 . The twistor 
transform can be written schematically as 




g{Z)+ r ^f(z) 

where $ Al ...A k (x) e T k , g(Z) £ H^Q 1 ; (-k - 4)) and f(Z) £ H^Q 1 ; (k - 2)). 

The obstruction problem can also be motivated by the task of writing integral formulae 
for the indirect transform. In four dimensions, there are integral formulae for the space- 
time fields associated to classes in ff^PT 7 ; Oik — 2)) involving derivatives of the twistor 
function, for example at k = 2, the self-dual photon, we have 

F -W = / CP , DA W /(I ' A ' A) 

where / £ ^(PT^O). Such a formula was proposed in dimension six [10] with (//, A) 
replaced by (u,tt). However, there are a number of problems: in six dimensions, the 
cohomology classes are, a priori, only defined on Q rather than CP 7 , and straightforward 
differentiation with respect to cu A takes a derivative in directions off Q into CP 7 and so 
are not immediately meaningful. We will however show in the following that certain such 
derivatives can be canonically defined in the positive homogeneity case (although there 
are other problems with the formula in [10] as the homogeneity weights and cohomology 
degrees are not right either). 

We will therefore consider the task of constructing extensions of the cohomology classes 
off the quadric as an expansion in powers of Z 2 . In the H 3 cases we will see that classes 
can be extended off the quadric to all orders in Z 2 , but that there is no way to fix the 
ambiguity that arises at each order and so the derivatives do not have any invariant 
meaning. In the H 2 case, we will show 

Proposition 5.1 Every f £ H 2 ^ 1 , 0(k — 2)) has a canonical extension to the kth order 
formal neighbourhood around Q, so that in particular, its kth derivative transverse to Q 
is canonically defined; however, any further extension is obstructed, the obstruction being 
the corresponding g £ H 3 (Q ! , 0{— 4— k)) to which it corresponds by the twistor transform. 

Thus in examining the obstruction theory we find the canonical map from H 2 (Q ! , 0(k— 2)) 
to i7 3 (Q 7 , 0(—A — k)) that we know must exist via the Penrose transform to space-time, 
intrinsically in twistor space. This also enables us to write integral formulae for the H 2 
case. 

Such extensions will be examined explicitly below for our representatives above. We 
will first examine the problem abstractly of extending cohomology classes to formal neigh- 
bourhoods of the quadric Z ■ Z = 2oj a tca = 0. The subsequent explicit calculations will 
then demonstrate that certain maps are indeed isomorphisms as claimed. 
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Figure 3: The extension of f G H 2 off Q is obstructed by g G H 3 . 
5.1 Formal neighbourhoods 

We are interested in determining to what extent the cohomology classes if 2 (Q 7 ; Oik — 2)) 
and H 3 (Q I ; 0(—k — 4)) can be extended off the quadric. The natural language in which 
to approach this question is that of formal neighbourhoods [251 E21 HHl HZ1 GO]; a step 
by step process in which we consider the task of extending a class defined to rth order 
to the (r + l)th order about Q C CP 7 . The starting point is a twistor cohomology 
class f{Z) G H'iQ 1 ;0(n)) defined only on Z 2 = 0. The extension to the first formal 
neighbourhood is given by introducing the commuting variable £ such that £ 4 = and 
allowing the twistor function to now depend on (Z a , £), where Z 2 = £ 2 . Similarly, we can 
think of the twistors associated with the r th formal neighbourhood as the usual twistor 
Z a with an additional variable £, for which £ 2 ( r+1 ) = 0, subject to 

(z a , o ~ {tz a , to z 2 = «e 2 «e 2(r+1) = 

This leads to a thickening of twistor space Q — > [21] where Q[ r ] can be thought of as 
Q, but with the enlarged sheaf of holomorphic functions Om that contain the information 
of the first r-derivatives off Q into CP 7 encoded in the dependence on Z and £. 

More formally, we make use of the long exact sequence of cohomology groups that 
follows from the short exact sequence 

->• Q (n - 2r) X ^4 )? [r] (n) — > M (n) . 

So 0[ r ] is the sheaf of functions on the rth formal neighbourhood which can be thought 
of as local functions on a neighbourhood of Q in CP modulo local functions of the form 
[Z ■ Z) r+1 x g where g is another local function, with Oq = O\o\. In terms of the ideal 
sheaf X of Q, we have Om = ^21=0^ /^ r+1 ■ I n the following we abbreviate Oq to O. 

This short exact sequence leads to long exact sequences of cohomology groups in the 
usual way. We know from [S] that the cohomology groups that are only non-zero at the 
F 2 (Q 7 ; 0(n)) level for n > -2 and # 3 (Q J ; 0(n)) for n < -4. To give an idea of the 
process we first consider the easy case of extending H 3 (0(n)) for n < —4. The long exact 
sequence gives 

H 3 (0(n - 2r)) H 3 (0 [r] {n)) ->• H 3 {0{n)) A . 

The zeros arise because there are no H 2 s in these homogeneity degrees and there are never 
any H^s. Thus the obstruction 5 to extending a class from one formal neighbourhood to 
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a higher one always vanishes. However, there is always the freedom arising from adding 
the choice of an element of H 3 (0(n — 2r)) to some original choice. So, we can extend 
any class in H 3 (0(n)) to all orders but with much ambiguity, with a new nontrivial term 
arising at each term in its Taylor series. 

The problem of extending H 2 ^ 1 ,0(n)) for n > — 2 is much less trivial. For the 
extension to the first formal neighbourhood , the long exact sequence gives 

-> H 2 (0(n - 2)) -> H 2 (0 {1] (n)) -> H 2 (0(n)) A H 3 (0(n - 2)) -> . . . . 

The case n = — 2 is exceptional here as H 3 (0(n — 2)) = H 3 (0(— 4)) is only non- 
vanishing in this case and by the Penrose transform is given by solutions to the wave 
equation and so is indeed isomorphic to H 2 (0(— 2)). In fact we will see by direct com- 
putation that 8 is an isomorphism, so that it is impossible to extend an element of 
H 2 (0(-2)) to # 2 (£>[!] (-2)). In fact this sequence then implies that H 2 (0 {1] (-2)) = as 
H 2 (0(-A)) = 0. 

For n > —2, H 3 (0(n)) = so that the obstruction map 8 always vanishes, and we 
can always extend subject to an ambiguity in H 2 (0(n — 2)). This ambiguity is trivial for 
n — — 1 and in that case there is a unique extension H 2 (0[i](— 1)) = H 2 {0{— 1)), but in 
all other cases there is some ambiguity. Finally for n > 0, we now have no obstruction 
to extension as the corresponding H 3 {0{n — 2)) vanishes, but we have an ambiguity of 
H 2 (0(n — 2)) in the choice of extension. 

At the higher orders we obtain 

->• H 2 (0(n - 2r)) ->• H 2 (0 [r] {n)) ->• H 2 {0 M {n)) A H 3 (0(n - 2r)) 

For n = — 1 and r = 2 we now see that there is a possible obstruction to extension as 
H 2 (0 {1] (-1)) = H 2 (0(-1)) = H 3 (0(-5)) and indeed, as we shall see later the map 5 is 
again an isomorphism. Thus H 2 (0[ 2 ](— 1)) = and there is no extension to the second 
formal neighbourhood in this homogeneity. 

The other case we will be interested in is homogenieity n — 0. As we saw earlier, ana 6 
H 2 (O(0)) could always be extended to an H 2 (O m (0)) but with freedom in H 2 (0{-2)). 
Here at the next order r = 2, the obstruction group is now H 3 (0(— 4)) and indeed. 
This map can be non-zero because, in H 2 (O[i](0)) we had the summand (the freedom in 
extension to H 2 (0[i\)) consisting of H 2 (0(-2)) which is isomorphic to H 3 (0(-A)). We 
will see again later that 5 is an isomorphism from this summand and so we can always 
choose an extension of a to cqi] G // 1 ((9[i](0)) so that 8a[i] = 0. This condition fixes the 
ambiguity in the first step completely and there exists a unique aw G i? 2 (0[2]) that maps 
onto a[i] because at this homogeneity, H 2 {0{— 4)) = 0. Now, at r = 3 the obstruction to 
further extension is 5( a [2]) £ H 3 (0(— 6)). This latter space is now isomorphic to the space 
H 2 {0) that we started with and in fact the map 5 will be seen to be an isomorphism. 

5.1.1 Explicit Example: Momentum Eigenstates 

Our task here is to explicitly compute the 'connecting homomorphism' 8 using the spinor 
helicity based twistor representatives and to show that it is an isomorphism whenever 
the cohomology groups it connects are related by the twistor transform. In fact the 
action of 8 on Dolbeault representatives is clear. If we take the first nontrivial case 
8 : H 2 ^ 1 - 0{-2)) -)• # 3 (Q 7 ; e>(-4)), with up E H 2 (Q T ; 0{{-2)) we should, abusing 
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notation, redefine ip to be an arbitrary smooth (0, 2)-form on a neighbourhood of Z 2 = 
that agrees with the originally chosen (p. Then, because the original (p is a cohomology 
class, we will have dtp = on Z 2 = 0, so on a neighbourhood we must have 

dip = Z 2 5<p 

for some (0, 3)-form Sip. If we change the extension of (p to (p + Z 2 A, then 5<p — > 5ip + 
dA\ Z 2=o so that the cohomology class of 5<p is well-defined. 

We first show that for ip G if 2 (C(-2)), 50 G H 3 (0(-A)) is precisely the twistor 
transform of the class that we started with corresponding to the same solution to the 
wave equation <£> on space-time. We have that 

<p= f Du P 2 _ 2 {ir, A ■ u) e~ ia "\ <p = [ Du Du 5i 4j0 (7r, A • u) e~ lU3 '* . 

JCP 1 JCP 1 

The classes clearly extend off Z 2 = and, using ([8j we see that <p is <9-closed. There is 
clearly much freedom in extending these representatives off the quadric as we can add on 
Z 2 multiplied by any form of the same degree and with homogeneity two lower; however, 
the form <p is not closed away from Z 2 = 0. Following the calculation in ^ but not 
imposing the condition Z 2 = we find 

dip = -vjj ■ n [ Du Du e-' lu ^ 5 3 (tt, A) = -iZ 2 <p 

JCP 1 

Thus 5ip = —i(f) and this gives the non-triviality of the map 5. 

Similar calculations can be done with other homogeneities. We shall be particularly 
interested in twistor representatives corresponding to k — 0, 1 and 2 and so we only deal 
with these cases here. 

For k = 1 we have representatives x £ H 2 (Q J , 0{— 1)) and ip G H^^Q 1 , 0{— 5)) 
corresponding to momentum eigenstates of the spin-half field ^ a{x) given by 

X = [ Dut-uP_ h _ 3 (n,\)e- i " rx , ^= [ DuDu£ ■ u P_ 5>1 (n, A) e^ 1 . 

JCP 1 JCP 1 

As before we calculate the anti-holomorphic derivative of the if 2 representative 

9x = -iw-7T / DuDu£-u5 3 (7i,\)e- iuJ ^ . 

JCP 1 

All this does not vanish to first order in Z 2 = u ■ tt. However, to first order in Z 2 we must 
have that this is exact by the abstract arguments above. To see this, we observe that 

d[ Du^-uP(7i,\)e- iu '^ = [ DuDu(£-u)P(7i,\)e- iuJ ^ -itu-nip. 

JCP 1 JCP 1 

with the first term arising from <9£ • u and the second from d of the exponential. Thus, if 
we redefine 

X = [ Du (Z-uP_ 1< _ 3 (n,\)+KZ-u)(LU-n)P_^_ 1 (n,\)) e" 1 ^ 

JCP 1 
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we obtain the desired relation 

8x = -iZ 4 i/>. 

The final case of interest to us is the case corresponding to spin-one fields, described 
in twistor space by b G H 2 ^ 1 , 0) and h G H 3 ^ 1 , 0{— 6)). Following the above strategy, 
we now see that if we redefine 



b= / D«e^ A (Uu a u b P Q ^(n,\)-Uu a u b uj-TiP_ 2t _ 2 (n,\) 

JCP 1 

and 

h= [ Dm Du £ ab u a u b P 6t2 (n,\)e- iw *, 

JCF 1 

then we will have 

Bb = Z 6 h (22) 

as desired. By the abstract arguments of the previous subsection, the final forms of these 
representatives are unique. In general we have 

df = Z 2k+2 g (23) 

where g(Z) G H 3 (Q L , {-k - 4)) and f(Z) G H 2 ^ 1 ; (k - 2)). 

5.2 Integral formulae in the k — 2 homogeneity case 

The above uniquely extended representatives in the k — 2 homogeneity case, together with 
their connection to the negative homogeneity case allow us to define integral formulae. 
Recalling the form of the integral expression for the direct Penrose transform 



FAx...A h (a?) = / D 3 7T 7T Al . . . 7C Ak g(u, 7r) . 

*f Srr. 



where g(Z) G H 3 (Q , {—k — 4)). Combing this with the expression (23), we have 



F Al ...A k (x) = ! D 3 7rZ- 2k - 2 7r Al ...7r Ak df(uj,n). (24) 
j s x 

where f(Z) G if 2 (Q / ; (k — 2)). This integral formula hides the cumbersome fact that we 
have to construct the the canonical extension of / off Q so its practical use may well be 
rather limited. 



6 S and half-Fourier transforms in split signature 

As described in Section two, in split signature, the components of the twistor Z a can be 
taken to be real and twistor space to be the real quadric of signature (4,4) inside MP 7 , 
Q = (S 3 x S 3 )/7j2- In this signature, the integral formula for solutions to the massless 
fields equations 

F(x) Al ...A k = I D 3 tt n Al . . . n Ak f (x AB n B , n A ) , (25) 

J S x 
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can be taken as an integral now over S x = MP 3 with / being a straightforward smooth 
function on Q of weight —4 — k rather than as a representative of some if 3 cohomology 
class. Thus we have the benefit in split-signature that Cech and Dolbeault representatives 
are replaced by real functions on the real slice where all twistor coordinates and space- 
time coordinates are real. Tree amplitudes generally are rational functions and so extend 
to split signature real slices. This real approach simplifies matters significantly and allows 
one to exploit standard tools such as Fourier analysis. Sparling [3B1 EZ] referred to the 
k = version of this transform as the H-transform, and we will follow his terminology 
here. We will use Fourier analysis to identify the kernel of this map on twistor space and 
to extend it to the 'indirect' cases of weight k — 2). 

In four dimensions with split signature the Penrose transform similarly has a non- 
cohomological analogue, the X-ray transform, that maps functions on the real twistor 
space, MP 3 to solutions to the massless field equations on space-time by straightforward 
integration along lines in the real twistor space. This can be combined with the Fourier 
transform to give a map from functions on twistor space to functions on the light-cone 
in momentum space. This yields what has become known as the 'half-Fourier transform' 
PQ . Both the momentum light cone and twistor space are three-dimensional and the map 
is a Fourier transform along a natural family of two-dimensional fibres. 

In this section we derive the analogue of this construction for six-dimensional space- 
time with split signature. However, the real momentum space light-cone is 5-dimensional 
whereas the real twistor space is 6-dimensional and we will find that this leads to new 
features in the correspondence as it can no longer be one to one. In this context, the 
transforms have been studied by Sparling (36j [37] for the wave equation and homogeneities 
—2 and —4 who referred to them as the H-transform. He discovered that the —4 case 
leads to solutions to the wave equation but the kernel of the map consists of those twistor 
functions F that are in the image of the conformally invariant wave operator □ on twistor 
space, f — Dg for some g (recall that twistor space, being a quadric, is canonically a 
conformal manifold in six dimensions). Using triality he was able to follow this around 
the correspondences between twistor space, primed twistor space and space-time with 
them all on an equal footing. Here we will extend this to all other weights, both positive 
and negative and see how the conformally invariant powers of the Laplacian of J52J H9] 
play a role in characterizing the twistor data in this case. 

Twistor space is a conformal manifold and so admits conformally invariant powers of 
the ultrahyperbolic wave operator (49] 

:S(-k-2) -4). 

Here, S(k) denotes the sheaf of smooth sections over Q homogeneous of degree k. 
We will show 



Proposition 6.1 The kernel of the E-transform (25) for functions on twistor space of 
weight —k — 4 is the image of 

n k+1 : T(Q,S(-k-2)) ^T(Q,S(-k-A)). 

The ^-transform therefore gives an isomorphism 

r fe (M) ~ r(Q, E(—k - 4))/{ Im n k+1 : T(Q, S(-k - 2)) T(Q, S(-k - 4))} 
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and as the analogue of the indirect Penrose transform we will show 

Proposition 6.2 For k > 0, there is a one to one correspondence 

{h e T(Q,S{k))\U k+1 h = 0} ~ r*(M) . 

Our main tool will be the six-dimensional analogue of the half-Fourier transform. How- 
ever, before we embark on that, we remark that the spinor-helicity representatives for 
cohomology classes that we obtained earlier have totally real analogues that we write 
down directly here as 

0(w,7r)=/" e" is ^ a^ 4 (siT - \-u)s k+3 ds A Dm , (26) 
V>(w,tt) = ! e" isa " X 6 A {sir - A • u) A Du . (27) 



where now Z, \ A ,u a and s are real, u a = (ui, —Uq)/(uq + uf) as before but is real and 
is a smooth function of the u a of homogeneity —k — 2 satisfying 

t 

Here, can still be thought of as a representative of a class in i7 1 (CP 1 , 0[— k — 2), but 
now as a Cecil cocycle defined on RP C CP . It is easily seen that substituting (26) into 



(25) gives the spinor-helicity momentum eigenstate as expected. 

Analogues of these representatives can be found in higher dimensions also as before. 



6.1 The Fourier and half- Fourier transform 

We first formulate the Fourier transform from space-time for a field F(x)a 1 ...a 1{ .- Since it 
satisfies the massless field equation V AS Fb...d = 0, the transform to momentum space 

F{P)M...A k = f d 6 x F(x) Al ... Ak e iP - 

will satisfy P ab Fb...d = 0. Thus F only has support when P AB has rank two. In 
particular P is null and F is supported on the momentum light cone 

M = {P AB \P 2 = 0} = {Pab\Pab = e ab X a A X b B } 

For some defined up to SL(2,M) on the a index. As before, we obtain the spinor 
helicity representation 

F Ai...A k = F{X)ai...a k X% 1 ■ ■ ■ K\ k 5(.P 2 )i 

and define F ai _ ak to be the Fourier transform of the field F(x) Al ...A k - 
Our next task is to establish the following. 
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Proposition 6.3 We have the following direct formula for F ai , Mk in terms of the twistor 
function f that gives rise to it via (25) in split signature 

F(X a ) ai ...a k = J Bu u ai . . . u ak J d 4 uj 6(u A X A ) f(co A , X A ) e~ Cx ^ A . (28) 

where X A = X a A u a where u a are now homogeneous coordinates on MF 1 and X A is any spinor 
chosen so that X[ A Xb] = P A b- 

For definiteness we will often choose = X a A u a where u a = (—Ui,u )/(ul + u\) but our 
formulae will be invariant under A — > X + aX for all a. 

Proof: In split signature all quantities, P, x, A, u, it, u and n can be taken real and, at 
least for homogeneity —k — 4, the twistor cohomology class can be replaced by a smooth 
function / of the real twistor variables (u A , tt a ) of projective weight —k — 4. The direct 
Penrose transform gives a space-time massless field 

F{x) Al ... Ak = / D 3 7T 7T Al ... 7C Ak f (X AB TT B , TT A ) , 
J S x 

where now the integral is over S x = MP 3 . We can Fourier transform this to get a function 
on momentum space and substituting in its above form, we must obtain 

F(X) ai ... ak X A \...X%5(P 2 ) = J d 6 xD 3 nn Al ...n Ak f(x AB 7T B ,TT A ) e^ . 

We now reverse the order of integration performing the x- integral first. We can 
reparametrise x with u A together with a parameter xa defined up to the addition of 
multiples of it by 

xab = e ABCD ^ C oP + X[A^B] ■ 
We can choose a A so that a ■ n = 1 and fix the freedom in x so that a • x — 0. This is 
then consistent with the incidence relation u A = x ab tt b and xa has three independent 
components (and projective weight -1). We may now write 

P-x = 2P AB u A a B + P ab xak b 
The measure on space-time can then be written as 

d 6 x = d 4 w D 3 x 5{u A 7T A ) 
where D 3 % = e ABCD ir A dxB dxc &Xd(= d 4 x ^(« A Xa))- Thus we have 

F(X) Al ... Ak 5(P 2 ) = J d'uj D 3 X D 3 tt 5{u ■ tt) ir Al . . . vr Afe f(u A , n A ) e 2i ^- A - s +^ s x^ s 
Performing the x integration we havd^ 

f d 3 x e ipAB ^* = 5{P 2 ) [ Du <5i 2 (vr A , A> ) . 

6 To see this, choose a so that a ■ \ = Xi = so that J D 3 x e ixiP ' A * A = J[ I=2 3 4 S 3 (P ia tt a ). On 
Pi 2 7^ 0, we can choose A" = 1 A° = A} = and A3; = P12 and we find 

\P 1 MP 3A 7T A )6(P 4A 7T A ) = 6 2 (7T A , X A ). 

Consider now 5(P 2 )8 2 (tt a -\+ ,\~) = \P 12 \5(P 12 P 34 + P U P 23 + P 13 P 42 )5{P 3A it a )5(P 4A it a ). On the 
support of the second and third delta-functions, the first can be rewritten and we find 5(P 2 )5 2 (ir A ; A a ) = 
5 3 (P IA n A ) and therefore / D 3 x e ipAB ^ B = 5(P 2 )S 2 (n A , X a A ). 
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On the support of this ^-function all the ir A factors can be replaced by \ a A u a and we can 
now remove the X a A and S(P 2 ) factors from both sides of the equation to obtain 

F(X) ai ...a k = [r>uu ai ... u ak [ d*u D 3 vr 6(co a tt a ) 6 3 (n A] X a ■ u) f(u A , n A ) e 2iP -^ AaB 



Using e a b = {u a u h — UbU a ), on the support of the delta-functions, the exponent may be 
written 

2\P AB u A a B = -iX A co A 

where X A = \ a A u a and \ A = 2X A u a . With this, and using the 5 3 (it a ,X a ) to do the D 3 7r 
integration, the map from functions on twistor space to scalar fields on the null cone 
becomes 



F(X a ) ai ...a k = I Buu ai ... u ak I d'u 6(u A \ A ) f(co A , X A ) e~ iX ^ . (29) 
as required. □ 



T(-2)MP 3 




M 



Figure 4-' The half Fourier transform relates a bundle over M to Q. 

This map factors into a half Fourier transform followed by an integral over u. The half- 
Fourier transform part of the map, being a Fourier transform, is necessarily one-to-one. 
This takes functions on twistor space Q to functions on an extension of the momentum 
light-cone Mo by MP 1 to include the real projective coordinate u a giving a six-dimensional 
auxiliary space with coordinates {A^, w a }/{SL(2, K) x IR*} with the SL(2, R) acting on the 
a-index and the M* on u a . We identify this space with the bundle T(— 2)IRP 3 of tangent 
vectors of homogeneity (—2) over MP 3 . This follows by rewriting the data (X A ,u a ) as 

(X A , A B ) := (A ■ m, A ■ u) — > (x A ■ u, X A ■ w^-J G MP 3 x T A MP 3 
A is only defined up to the addition of multiples of A but X ■ d/dX is zero in TaMP 3 . 
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Definition 6.1 The half-Fourier transform takes a homogeneous function f(u>, tt) of weight 
—4 — k on twistor space to a homogeneous function K(X, X) on T(— 2)MP 3 of weight 2 — k 
by 

K{X,X) = J d 4 tu S(lo a \ a ) f(to A , \a) e-^ A . (30) 
We remark that in this definition, k can be any integer. 

The delta function in the integrand implies that K(X, A + aX) = K(\, A) for all a. 
This gives an analogue of the half Fourier transform familiar from four- dimensions. It is 
invertible with inverse 

f(u A ,X A ) 6{u A \ A ) = -^- J d 4 A K(\a, Aa) 

where we think of f(tu A , Xa)S(oj a Xa) as a distribution on MP 7 with support on the twistor 
quadric, the delta function arising because K(X, X) = K(X, X + rX) for all r. 



6.2 The extended direct S-transform and half-Fourier transform 

Our proposition above therefore gives the Fourier transform of the massless field as the 
following integral over MP of the half- Fourier transform K of / 

F(X a A ) ai ... ak = [ Duu ai ... u ak K(X, A) . (31) 

The combination cannot be one-to-one since the dimension of twistor space is six and the 
dimension of the momentum null-cone is five. There must therefore be a kernel of the 



map (25) from twistor functions to massless fields which we now seek to identify. Clearly, 



since the half- Fourier transform is 1:1, the kernel is that of the integration in (31), i.e., 
those K for which the integrand is exact. We will identify this and its counterpart on 
twistor space. We will also in the process see how to extend this correspondence to the 
case of homogeneity k — 2 which will work dually. 



It is clear that the integration (31) has as kernel those K for which the integrand is 
exact for the MP 1 integration. In order to understand this kernel, we need to review the 
theory of the 9 fc operators on MP . These are operators defined in the first instance on 
functions on MP 1 , for k > 0, 

: £(k) S(-k - 2) 

that are invariant under Mobius transformations. Following [53] we observe that for f(u) 

d k f 
du a i...du a 



of weight k, 9 a f L ak has weight so that 



u ao ^ = 0. 



du ao . . . du ak 

Thus 

u ao ...u ak S k+1 f 



d k f 



for some Q k+1 f of weight —k — 2. This defining equation can be written 



°" J 1 u ai ...u ak S k+L fDu (32) 



du ai . . . du a k 
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thus showing that K is in the kernel of the integral (31) iff K = d k+1 J for some J. 

This gives a complete characterization of the kernel of the integration in (31) where 
now Q k+1 is understood fibrewise for the fibres of the fibration T(— 2)RP 3 — > Mo. In 
order to understand what this means on twistor space, we first express 9 in terms of 
the (A, A) coordinates on T(— 2)IRP 3 . We first observe that if we are not concerned to 
preserve manifest projective invariance on MP 1 , then we can define 9 fc+1 = (3) fc+1 where 
on a function / of weight k we define the action of a single 3 : S(k) — > S(k — 2) for all 
integral values of k by 

It is now possible to see that, with this definition, is independent of the choice 

of quadratic form (here (uq + v/Q) and reduces to the invariant form given above. As 
an operator on K(X, A) with K(X, A + aX) we find, using the chain rule, together with 
du a = u a and du a = u a , that 

It is now straightforward to see that, since under the half- Fourier transform, A -H- d/du A , 
we have 

dco A diTA ' 

Thus S corresponds to the ultrahyperbolic wave operator □ on the non-projective M. 8 asso- 
ciated to the 1RP 7 in which Q lives. Homogeneous functions on MP 7 do simply correspond 
to ordinary functions on this 1R 8 , but this is in general not well defined on functions on Q 
as the derivative off the quadric Q is not given. However, for weights k > the following 
operators are well defined on homogeneous functions on Q 

□ fc+1 : E(k-2) ^£{-k-4) 

as defined in precisely this context in [29] (see also [3211201 EI] for antecedents). Thus we 
have 



Proposition 6.4 The kernel of the ^-transform (31) for functions on twistor space of 
weight — k — 4 is the image of 

: T(Q,S(-k-2)) ->r(Q, £(-*;- 4)). 

The "^-transform therefore gives an isomorphism 

r*(M) ~ T(Q,£(-k - 4))/{ Im n k+1 : T(Q,£(-k - 2)) -> T(Q,£(-k - 4))} . 



6.3 The indirect S-transform 

The question remains as to how the S-transform works for homogeneity k — 2. The half- 
Fourier transform is an isomorphism from functions h of weight k — 2 on twistor space to 
functions J of weie ht k on T(-2)MP 3 . The map from a momentum space representative 
F(A^) ai ... afe to such a function J of weight k is clear: it should be 

J = F{X\) ai ... ak u a K..u a *. 
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This is inverted by setting 



d k 

but if J had been chosen arbitrarily, this will only give a sensible momentum space 



representative if the right hand side is independent of u a . Using (32) we see that this 
will follow iff d k+1 J = 0. Using the above argument, we can see that this is equivalent 
for the function h on twistor space to the vanishing of the conformally invariant power 
of the ultrahyperbolic wave equation U k+l h = 0. Thus we have the positive chirality 
S-transform: 

Proposition 6.5 For k > 0, there is a one to one correspondence 

T k (M) ~ {h G T{Q,£{k))\U k+1 h = 0} . 

Thus the S-transform maps solutions of differential equations on one space to solutions on 
another in this case. We remark also that in split signature we have triality, so that twistor 
space, primed twistor space and (compactified) space-time are all on an equivalent footing 
and the S-transform applies between any two of these three spaces in either direction. 
We finally note the integral formula in this case 



•I 



°' + Vh e A ^ BCD it B dK C &KDi (33) 



lcSx dou Al . . . dcj Ak du Ak + 1 

where the integral is over some 2-dimensional contour 7 cohomologous to MP 2 C S x = 
MP 3 . In order to make sense of the d/dui A derivatives, h must be extended off Q to kth 
order in MP 7 ; the k + 1th derivative is skewed with wa arid so is acting only tangent to 
Q. This is precisely what is done in [19] with the extension determined by the condition 
that R sh = in the ambient non-pro jective space to the appropriate order; the operator 
□q +1 on h is obtained in |1H] as the obstruction to extending h as a solution to R sh = 
at k + 1th order although there is in any case some ambiguity at that order. The result 
is independent of the chosen contour by virtue of O k+1 h = which in particular implies 
that the kth order extension is annihilated by Drs. We remark that it is not sufficient 



to check this with the spinor-helicity representative (27) except for the k = case as for 
general k (27) has not been extended appropriately off Q into MP 7 and formulae more 



analogous to those used in the formal neighbouhood discussion are required. 



7 Interactions and Scattering amplitudes 

There has been considerable work on the spinor-helicity construction of scattering ampli- 
tudes for (1,1) super Yang-Mills in six-dimensions [131 ESI ESI E3 ESI EH] ■ The invariances 
of the theory appear to uniquely fix the form of the three photon amplitude and higher 
point amplitudes have been derived using the BCFW construction [13£J Despite a clear 
demonstration that spinor-helicity methods are useful in six dimensions, there is little un- 
derstanding of how to construct scattering amplitudes from six-dimensional twistor space. 
We shall return to the question of how to describe non-chiral theories such as Yang-Mills 

7 Loop amplitudes have also been constructed by unitarity methods in [SSJ |S7J . 
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in future work. In this article we are chiefly concerned with conformally invariant and 
chiral theories. Because the amplitudes for the (0, 2)-theory are believed to be trivial, we 
are rather limited as to the amplitudes we can consider and we focus on the $ 3 vertex. 
(The only fields of spin less than one we can consider are scalars and spin-half fermions 
and it does not seem possible to construct an interaction involving spin-half fields without 
introducing a spin-half field ^f A (x) of opposite chirality.) 

We can write down a classically conformally-invariant Lagrangian for an interacting 
scalar field 

C = )-d^ + ^ $ 3 (34) 

where k is a dimensionless coupling constant. By Fourier transform, the three-scalar 
amplitude corresponding to the <3> 3 vertex takes the simple form 



J=l 



A natural candidate for the three-point scalar amplitude in terms of indirect Penrose 
transform functions ipi, i = 1, 2, 3 of weight —2 is 

A(P 1 ,P 2 ,P 3 )= [ D 7 Z5(Z-Z) VlV2V3 . 

We insert the twistor representatives for momentum eigenstates: 

(Pi(u,n) = ^ J T)Ui dki hi 5 4 (ir A - kiX iA ) e~^ KAUjA 

where a factor of one half has been introduced for later convenience. 
The scattering amplitude is then 

A(Pi, P 2 ,P 3 ) = ^J D 3 tt d 4 uj 5(cu • tt) ( H J D Ul dh h 5 4 (ir A - kX A ) 



xexp -i2,T" 



i=i 



Writing the quadric delta-function as an integral 

5(u • 7r) = J dt e 
then doing the four u A integrals, gives 



it ui-n 



A(Pi, p 2 , p z)=\j dt ( n / dm * dh ^ 6 ^ nA - hx ^ ) 54 ( tnA - J2 



3 X 



,i=l " / \ i=l 1 



We can already see that this expression has the support of the 6-momentum conserv- 
ing delta-functions. Consider the skew product of the argument of the delta-function 

<5 4 (tir A - J2i Y^ iA ) with 7r 

x ^ 1 - 

t^B] ~ 2^ -j-^[A\\\Bl =0. 

I 
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The first term vanishes and on the support of the 8 (tta ~ k>i\A), the second term may 
be written as 



for some /C. Since there are no Lorentz invariants of three null momenta that add up 
to zero, we see that K, must be constant and so we have the correct amplitude. A more 
laborious argument can be used to obtain /C explicitly. 

8 Discussion: Conformal Theories in Twistor Space 

One of the triumphs of the twistor programme was the elegant description of self-dual 
Yang-Mills in four dimensions in terms of the Penrose- Ward correspondence [31]. This 
correspondence relates a holomorphic vector bundle on projective twistor space without 
connection to a holomorphic bundle over space-time with self-dual connection. In six 
dimensions, a connection on a fibre bundle cannot be self-dual; however, a gerbe can have 
self-dual connection. In this section we shall be particularly interested in six-dimensional 
linearised physical theories in which self-dual gerbes play a role. These objects play an 
important role in string theory and it is doubtful that a full understanding of M-theory 
will be possible without at least a partial understanding of the conjectured non-linear 
versions of such theories. 

8.1 Self-dual Gerbes in Twistor Space 

An abelian gerbe on space-time is usually thought of as a generalization of a connection 
in which the connection 1-form is replaced by a two-form B defined modulo the addition 
of the exterior derivative of a 1-form and so the 'curvature' dB is now a 3-form. On 
twistor space, we have the two descriptions: as b G H 2 {0) and g G H 3 (0(— 6)) both as 
forms modulo <9-exact forms. Since these are both in a potential modulo gauge format, 
the form degree of the latter does not naturally fit the concept of the gerbe, but the if 2 
case does. Indeed this case has already been studied as a route to defining a holomorphic 
gerbe on twistor space by Hitchin and Chatterjee (121 [11] who present the theory as a 
generalization of the Cech description of line bundles; this is outlined in appendix [a] 
for Cech cohomology along with the Penrose transform in the indirect case leading to a 
potential modulo gauge description for the space-time field. 

The Dolbeault route gives a slightly different picture to that arising from the Cech 
approach. In the Dolbeault picture, we can think of the b G H 2 (0) as defining a class of 
local <9-operators d ai on a fixed complex line bundles over a covering Ui of Q 1 for which 
d 2 a . = b. In the simplest case these can be (^-operators on the same trivial line bundle and 
b is the obstruction to extending the local d ai to a global (^-operator. 




which gives the expected momentum conservation. Thus 




(35) 
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It is straightforward to write down action principles for the linear theories on twistor 
space. We first define the holomorphic volume form f2 G T(Q,il 6 (Q)) by 

/ (•)«= / (•) D 7 Z W . 

In Euclidean signature, for = Euclidean IR 6 , the S x sweep out Q 1 . Then an action for 
a pair (g, f) G f2 ' 2 (A; — 2) x f2°' 3 (— A; — 4) to define Dolbeault cohomology classes is 

%,/]= / g^dfAti, 

JQ 

since solutions to field equations mod gauge give 

([<?], [/]) e # 2 (0(fc " 2)) x iJ 3 (0(-A; - 4)) = r fe x r fc . 

For k = 2 this is an action for a pair of self-dual gerbe fields and for k — 4 it gives an 
action for a pair of the spin-two field discussed below. Such an action for the k = 2 case 
is echoed on space-time by the action 

S(H,B)= I HAdB, (H,B) ett 3+ xtt 2 , 
Jm 1 

since self-dual 3-forms annihilate self-dual 3-forms under wedge product in six dimensions. 
Thus it is not so surprising. 

In Lorentz signature we can write action formulations that do not seem to have a 
space-time analogue. Recall that in Lorentz signature we have the quaternionic reality 

structure tta ^ a etc., Z — > Z with Z = —Z. In this signature, the S x that are invariant 
under the quaternionic conjugation only sweep out the real co dimension-one set 

Qo = {Z EQ\Z-Z = 0}. 

If we now choose data (<?,<?) G Q 0,2 (k — 2) x £7°' 2 (— k — 4) we obtain 

S[g,g] = [ -gAdgAtl. 

The field equations lead to a pair of cohomology classes but now 

([<?], [g]) e H 2 (Q , 0(k - 2)) x H 2 (Q , 0(-k - 4)) = T k x . 

Because of the vanishing of H 2 s for sufficiently negative homogeneity, we only obtain one 
helicity k/2 field. Thus an action corresponding to a linear self-dual gerbe theory on 
Minkowski space is given by 

S[b] = [ D 7 Z A 5{Z 2 ) A 5{Z ■ Z) A b A 5 b (36) 

for some twistor field b of homogeneity —4. The equations of motion imply that b G 
H 2 (Q; O) as it should and b G H 2 (Q; 0(-4)); however, H 2 (Q; C(-4)) = and so b has 
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no on-shell degrees of freedom and acts simply as a Lagrange multiplier that vanishes 
on-shell, constraining b to lie in H 2 (Q; O). 

The scattering amplitude for the scalar theory in split signature suggests that there 



is a twistor action for the space-time Lagrangian (34), at least in Euclidean and split 



signature. However, it is difficult to make this work coherently. One is tempted to write 



S[<p,<p]= I D 7 Z A 5{Z 2 ) A l(fiAd(p+^(pA(pA(p\ (37) 
Jew 7 V 6 J 

where 5(Z 2 ) is a (0, l)-form of weight -2 and D 7 Z = e aoai .... a7 Z a °dZ ai A ... A 0Z a7 = 
D 3 7rd 4 o; is the natural projective (7, 0) form on CP 7 of weight +8. Here tp is a (0, 2)-form 
of weight —2 and is a (0, 3)-form of weight —4. The form degrees and weights match 
and so this action makes sense as an action functional. In split signature, the interaction 



term gives the expression for the three-point amplitude (35). This action is well-defined 



on the quadric Q and, under variation with respect to the representatives gives 

df = 0, 5<f>+ -<pA(p = 0. 

So if corresponds simply to a solution of the wave equation whereas <fi seems likely to 
correspond to a solution to an imhomogeneous wave equation sourced by (p 2 . 

It therefore remains difficult to piece these together to give an action for the <3> 3 theory 
on twistor space. The Lorentzian formulation seems to be no better as it is not clear how 
to encode the cubic interaction as a (0, 5)-form. 

8.2 Non-geometric gravitational theories 

Up until now we have been concerned with spin-one gerbes, here we extend our consid- 
erations to spin-two fields. The on-shell graviton is given by a field strength with 
spinor-helicity polarization data ^^h' which has nine degrees of freedom; however, the 
spin-two field strength G a bcd arising from the direct Penrose transform 

G A BCD= j> B 3 7T7l A 7l B 7l C 7TD #(^, 71") (38) 

has five on-shell degrees of freedom. Furthermore G a b c d is a chiral field, whereas the 
graviton is not. This spin-two field appearing from twistor space is clearly not describing 
linearised Einstein gravity, but a more exotic six- dimensional relative. It is conjectured 
that there exists a superconformal (4, 0) theory in six-dimensions [21H |4"3"1 14"4"1 [3D] which 
includes just such a field; however, we can consider this field in a bosonic context. A 
discussion of the supersymmetric theory will be presented in [38]. The novelty of this 
theory is that the spin-two field is not a graviton in the conventional sense and is not 
thought to give rise to a conventional, geometric, theory of gravitation. Rather, the spin- 
two field is given by a tensor C^ v \ p with the symmetries of the Riemann tensor and field 
strength 

which is self-dual 
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In terms of spinor notation, the field can be encoded into a potential field C^b symmetric 
in each pair of indices with (linearised) manifestly self-dual field strength 

Gabcd = V '(A|AfV '\b\nC\cd) MN ■ 

This field, with 5 on-shell 'gravi-gerbe' degrees of freedom, is the highest spin member 
of the (4, 0) multiplet. At the linearised level, a dimensional reduction on a circle to five 
dimensions yields the linearised form of the conventional Einstein maximal supergravity 
in five dimensions ad it is conjectured that there exists a non-linear (4, 0) theory in six- 
dimensions which gives rise to the full Einstein supergravity in five dimensions [29]. It is 
not clear what the full non-linear (4, 0) theory should look like but it is expected that the 
interactions will not be of a conventional field-theoretic type but rather should be based 
on yet to be identified M-theoretic principles. In this section we consider only the lin- 
earised for of the (4, 0) theory in supertwistor space. The spin two field may be described 



in terms of the conventional Penrose transform (38) where g(u,Tt) G H 3 ^ 1 ; 0(—8)) and 
it is straightforward to generalise the arguments above for the spin-one gerbe to a repre- 
sentative of H 2 ^ 1 ; 0(+2)) to get a description of this field in terms of a potential Cabcd, 
modulo gauge-invariance, from the indirect Penrose transform. 

In a subsequent paper we will turn to the supersymmetric formulations, nonconfor- 
mally invariant and non-chiral theories and reductions to lower dimensions. 
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A The Indirect Penrose transform for a self-dual gerbe 

It is perhaps simplest to understand what a holomorphic gerbe is by comparing its defi- 
nition with that of a holomorphic line bundle |42j. A line bundle may be understood in 
terms of a set of transition functions between open sets gij : C/j fl Uj — > S 1 with g^ = 
and a triviality condition on the overlap of three open sets: gijgjkgki = 1 on £/j fl Uj fl Uk- 
The bundle is holomorphic if gij are holomorphic functions. By contrast a gerbe is defined 
by functions on a triple intersection 

b ijk : Ui n Uj n u k s 1 , 

with b^k = bj ik = = b^ji and the triviality condition on the overlap of four open sets 

bjkiKkXtb-jl = 1 , on UiHUjH U k fl U x . 

Crucially a gerbe, unlike a fibre bundle, is not a manifolcj^J A holomorphic gerbe is one 
for which the b^k are holomorphic functions. 



8 An equivalent way to define a gerbe is in terms of transition line bundles on Ui (1 Uj, as opposed to 
the transition functions that define a line bundle. 
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We can also do differential geometry on gerbes. We can define a connection on a 
line bundle by A4 — Aj = dgij and a field strength, defined over the whole bundle, 
F = dAi = dAj. On a gerbe we may define a connection in a similar way 

H = dBi = dBj , Bi — Bj = dAij , A^ + Ajk + Aki = b^ l k dbijk , 

where Bi is the connection^ and if is a globally-defined closed three-form field strength. 
A connection on a gerbe is (anti) self-dual if H = ± * H. The six- dimensional analogue 
of the Penrose- Ward correspondence, which we sketch below, relates cohomology classes 
[b] = {bijk} on twistor space to self-dual connections B on space-time. 

The simplest twistor representation for such a self-dual gerbe is via the direct Penrose 
transform given by 

Hab(x) = / D 3 7r -k a itb h(uj,n) , 



where h G H^{Q T \ 0{— 6)) and the integral is taken over the CP 3 picked out by the 
incidence relation. However, this represents the gerbe as a (0, 3)-form potential modulo 
gauge which is not appropriate to define a gerbe on twistor space. 

The most natural association between twistor cohomology and connections of a gerbe 
in space-time comes from representatives of if 2 (Q 7 , O) or more geometrically its exponen- 
tiation if 2 (Q J ; O*) given by the indirect Penrose transform. This defines a holomorphic 
gerbe on twistor space. Following [11J this can be understood via Cech coholomorgy: let 
[b] be a representative of i? 2 (Q 7 ; O*) and {Ui} a Leray covei 10 of Q. We then have a family 
of functions of homogeneity degree zero [b] = {bijk} defined on the triple intersection 

bijk '■ Ui H Uj n Uk — >■ C* , bijkbjkibkubuj = 1. 

Here b^k is a cohomology representative and is defined on Q and may be lifted to the 
correspondence space F = {(x, [tt]) G M x CP 3 } where, by virtue of being pulled back 
from twistor space, it satisfies 

// {n B V A %, k ) =0. 
Restricting to S x = CP 3 , H 2 (S X ; O) = and so we can write 

Oijk = CLijdjkClki ■ (39) 

Here = dij(x, tt) is not pulled back from twistor space (assuming [b] was not trivial) 
and so n B V AB aij 7^ 0. We can define ciij A = 7rsV AS log a^, and differentiating (39) we 
obtain 

dij A + cijk A + dki A = . 
It is also the case that H l (S x ; O) = and so 

a l3 A = f A - f A . (40) 

Furthermore, since partial derivatives commute, ncV c ^ A afj = 0. Thus differentiating 
(40) we obtain 

TTcV^/f 1 = TTcV^/f = S AB 



9 Following the physics literature, we shall also refer to Bi as 'the gerbe'. 

10 A Leray cover is one for which the open sets have no cohomology so that the Cech cohomology agrees 



with the standard cohomology. 
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The left and right hand sides of the first equality are defined on different patches (C7j and 
Uj) but are equal. From this we infer the existence of the globally defined field s AB which 
is homogenous of degree two in tia- We can therefore express the 7r dependence explicitly 
as s AB = s abcd itcttd- We note that skew symmetry implies that t^a^b^ AB = so that 
TiAO'tj = = iiAfij and kaS ab = 0. Thus s can be expressed in terms of some B B by 

g ABCD _ \ £ ABE{C qD) 

2 E 

This potential can be taken to be traceless, corresponding to a 2-form, and is defined 
modulo gauge 

B B ~ B B + V AC A BC - U B V ■ A 

for a 1-form A BC = -A CB because f A was defined up to f A ^f A + e ABCD ir B A C D- 
B B can therefore be interpreted as a gerbe connection on space-time. We have that 
tcaV a ^ b S CD ^ = from its definition, and this gives the field equation 

V A(B B C) = Q 

The gauge-invariant field strength for the gerbe is therefore 

Hab = V(a|c-B| C b) , 

corresponding to a self-dual three-form which is closed, being the exterior derivative of 
the two-form corresponding to B. 
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